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TRANSLATING GRAPHS BY MEAN CURVATURE FLOW
LEILI SHAHRIYARI
Abstract. The aim of this work is studying translating graphs by mean cur-
vature flow in R3. We prove non-existence of complete translating graphs over
bounded domains in R2. Furthermore, we show that there are only three types
of complete translating graphs in R3; entire graphs, graphs between two verti-
cal planes, and graphs in one side of a plane. In the last two types, graphs are
asymptotic to planes next to their boundaries. We also prove stability of trans-
lating graphs and then we obtain a pointwise curvature bound for translating
graphs in R3.
1. Introduction
Mean curvature flow evolves hypersurfaces in the unit normal direction with
speed equal to the mean curvature at each point. It is the steepest descent flow for
the area functional. In particular, minimal hypersurfaces are stationary solutions.
In other words, a family of smoothly embedded hypersurfaces (Mt)t∈I moves by
mean curvature if
(1.1)
∂x
∂t
= ~H(x),
for x ∈ Mt and t ∈ I, I ⊂ R an open interval. Here ~H(x) is the mean curvature
vector at x ∈Mt.
The evolution equation (1.1) can develop singularities in finite time T , which
are classified into two types according to the rate at which the maximal curvature,
max
Mt
|A(t)|, tends to infinity for t→ T . Here |A(t)| is the second fundamental form
of Mt. By proving the monotonicity formula, Huisken [11] showed that the flow
is asymptotically self-similar near a given type-I singularity and, thus, is modeled
by self-shrinking solutions of the flow. However, the examples of convergence in
[1, 2] indicate that type-II singularities are modeled by translating surfaces. Also,
Huisken and Sinestrari [13] proved that if the initial surface M0 has nonnegative
mean curvature, then any limiting flow of a type-II singularity has convex surfaces
M˜t, t ∈ R. Furthermore, either M˜t is a strictly convex translating soliton or (up
to rigid motion) M˜t = Rn−k ×Σkt , where Σkt is a lower dimensional strictly convex
translating soliton in Rk+1. The proof of this theorem used an important theorem
of Hamilton [9], which states that any strictly convex eternal solution to the mean
curvature flow, where the mean curvature assumes its maximum value at a point
in space-time must be a translating solution.
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Note that solitons generally move by symmetries of Euclidean space, either scal-
ing symmetries or translations, that means for these surfaces, we have
(1.2)
∂x
∂t
= ~C + ~v,
where ~C is the velocity vector of the translation and ~v is a vector field tangent to
the surface Mt. When ~C = −x2 or ~C = en+1, we will respectively get self similar
shrinkers and vertically translating surfaces in Rn+1. If ~C = Cen+1, and taking the
inner product with the unit normal vector υ, we obtain the following equation for
translating surfaces
(1.3) H = C〈en+1, υ〉.
Translating graphs by mean curvature flow are translating surfaces that can be
viewed as a graph of a function over a domain. Let the graph of the function u =
u(x) be a translating graph by the mean curvature flow. Since H = div( ∇u√
1+|∇u|2
),
the graph of u is a vertically translating graph with constant speed C if and only
if u is a solution to the following equation
(1.4) div
(
∇u√
1 + |∇u|2
)
=
C√
1 + |∇u|2 .
In this work, we study translating graphs by mean curvature flow in R3. First of
all, we prove these graphs are stable minimal surfaces in a certain conformal metric.
Therefore, the curvature estimate for minimal surfaces gives us a curvature estimate
for translating graphs. Using this curvature estimate, we obtain non-existence of
complete translating graphs over bounded domains in R2. Furthermore, we show
that there are only three types of complete translating graphs in R3; entire graphs,
graphs between two vertical planes, and graphs in one side of a plane. In the last
two types, graphs are asymptotic to planes next to their boundaries.
The author would like to thank Bill Minicozzi and Xuan Hien Nguyen for many
helpful discussions of this paper.
2. Stability of translating graphs
Colding and Minicozzi proved self similar shrinkers are minimal surfaces in a
certain conformal metric [5, 6]. In this section, using the same method, we prove
the similar statement for translating graphs, i.e. translating graphs are stable
minimal hypersurfaces in a conformal metric.
From now on without loss of generality we assume that the speed C = −1. Let
p be a fix point in R3, and r > 0, then we define the functional F on a hypersurface
Σ ⊂ R3 by
(2.1) F (Σ) =
∫
Σ∩Br(p)
ex3dµ.
In the following arguments, we prove translating surfaces are stable minimal
hypersurfaces in R3 with respect to the conformal metric gij = e
x3δij .
Lemma 2.1. If x′ = ηυ is a compactly supported normal variation of a hypersurface
Σ ⊂ R3 and s is the variation parameter, then
∂
∂s
F (Σs) =
∫
Σ∩Br(p)
η (H + 〈e3, υ〉) ex3dµ.
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Proof. By the first variation formula we have (dµ)′ = ηHdµ. Also the s derivative
of log(ex3) is given by η〈e3, υ〉. Thus we have the lemma. 
In this part Σ ⊂ R3 is a smooth embedded hypersurface; ∆ and ∇ are the
(submanifold) Laplacian and gradient respectively, on Σ. Let the graph Σ˜ be the
graph Σ respect to the conformal metric g. We know that the hypersurface Σ˜ subset
of Riemannian manifold (R3, g) is stable minimal hypersurface if and only if the
second derivative of the area functional for all normal variations of Σ is positive at
s = 0.
Now we are defining the second order operator L by
Lη = ∆η + |A|2η + 〈e3,∇η〉.
Definition 2.2. We say a translating surface is L-stable, if for any compactly
supported function η we have
(2.2)
∫
Σ
ηLηex3 ≤ 0.
The linear operator L is associated to normal perturbations of H + 〈e3, υ〉. The
function H + 〈~e3, υ〉 is invariant under translations in R2, therefore 〈v, υ〉 is in the
kernel of L for any constant vector v.
Proposition 2.3. If the translating graph Σ in R3 with respect to the Euclidean
metric is L-stable, then it is a stable minimal hypersurface in R3 with respect to the
conformal metric gij = e
x3δij .
Proof. Let η be a smooth compactly supported function over Σ.
∂2
∂s2
F (Σs)
∣∣
s=0
=
∂
∂s
[∫
Σ∩Br(p)
η (H + 〈e3, υ〉) ex3dµ
]
s=0
=∫
Σ∩Br(p)
[(
∂
∂s
(H + 〈e3, υ〉)
)
ηex3dµ+ (H + 〈e3, υ〉) ∂
∂s
(ηex3dµ)
]
s=0
.(2.3)
Since Σ is translating graph, at s = 0, H + 〈e3, υ〉 = 0. So we have
∂2
∂s2
F (Σs)
∣∣
s=0
=
∫
Σ∩Br(p)
(
∂
∂s
(H + 〈e3, υ〉)
)
ηex3dµ
∣∣
s=0
(2.4)
From Lemma A.2 in [5], we have
∂υ
∂s
∣∣
s=0
= −∇η,(2.5)
∂H
∂s
∣∣
s=0
= −∆η − |A|2η.(2.6)
By definition of the operator L, we obtain
∂2
∂s2
F (Σs)
∣∣
s=0
= −
∫
Σ∩Br(p)
ηLηex3.(2.7)

Lemma 2.4. For every constant vector v, we have L〈v, υ〉 = 0.
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Proof. We give a computational proof. Let γi be an orthonormal frame for Σ and
set ξ = 〈v, υ〉. Working at a fixed point P and choosing the frame γi, so that
∇Tγiγj(P ) = 0, differentiating gives at P that
(2.8) ∇γiξ = 〈v,∇γiυ〉 = −aij〈v, γj〉.
Using Codazzi equation at P , we have
∇γk∇γiξ = −aik,j〈v, γj〉 − aij〈v, ajkυ〉.
Taking the trace gives
(2.9) ∆ξ = 〈v,∇H〉 − |A|2ξ.
Notice that
∇γiH = −∇γi〈e3, υ〉
= −〈∇γie3, υ〉 − 〈e3,∇γiυ〉
= aij〈e3, γj〉.
Therefore, using (2.8) we have
(2.10) 〈∇H,v〉 = aij〈e3, γj〉〈γi,v〉 = −〈e3,∇ξ〉.
Thus, by (2.9) and (2.10) we get
Lξ = ∆ξ + 〈∇ξ, e3〉+ |A|2ξ = 0. 
Theorem 2.5. Translating graphs in R3 are L-stable.
Proof. Since Σ is a graph, there is a unit vector v in R3 so that 〈v, υ(x)〉 6= 0 for
all x ∈ Σ. We define the function ξ on Σ by
ξ(x) = 〈v, υ(x)〉.
It follows that 0 < ξ ≤ 1 and, by Lemma 2.4, that Lξ = 0. Given any smooth
compactly supported function η on Σ, the function φ = ηξ satisfies
L(φ) = ηLξ + ξ (∆η + 〈e3,∇η〉) + 2〈∇η,∇ξ〉,
= ξ (∆η + 〈e3,∇η〉) + 2〈∇η,∇ξ〉.(2.11)
Using Stokes’ theorem with 12div
(
ξ2∇η2ex3), we obtain
(2.12)
∫
1
2
〈∇η2,∇ξ2〉ex3 = −
∫
ξ2
(
η∆η + |∇η|2 + η〈e3,∇η〉
)
ex3
Applying (2.11) and (2.12), we obtain
(2.13)
∫
φL(φ)ex3 = −
∫
ξ2|∇η|2ex3 ≤ 0
When Σ is graphical, we have a direction ω for which ξ > 0 for all x ∈ Σ. Given
a smooth compactly supported function φ, we take η(x) := φ(x)/ξ(x). This means
that (2.13) is true for any compactly supported function φ, which is the definition
of L-stability.
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3. Curvature estimate
Colding and Minicozzi proved compactness theorem for self similar shrinkers in
[6]. In this section, we obtain the similar theorem for translating graphs using
a point wise curvature estimate for translating graphs by mean curvature flow in
R
3. For reaching this goal, we state theorem 2.10 in [4], which is Schoen curvature
estimate for two dimensional minimal hypersurfaces Σ immersed in Reiemannian
manifold M3 with sectional curvature KM[15]. For x ∈ M, Bs(x) denotes the
extrinsic geodesic ball with radius s and center x. Similarly, For x ∈ Σ, BΣs (x) ⊂ Σ
denotes the intrinsic geodesic ball and r the intrinsic distance to x.
Theorem 3.1 (Schoen Curvature estimate [15], Colding-Minicozzi [4]). If Σ2 ⊂
M
3 is an immersed stable minimal surface with trivial normal bundle and Br0 =
BΣr0(x) ⊂ Σ \ ∂Σ, where |KM| ≤ k2 and r0 < ρ1(π/k, k) (with ρ1 < min{π/k, k}),
then for some C = C(k) and all 0 < σ ≤ r0,
sup
BΣr0−σ
|A|2 ≤ Cσ−2.(3.1)
For applying this theorem to obtain the curvature estimate, we need to compute
the sectional curvature of R3 respect to the conformal metric g. By doing some
simple computations, we get for every 1 ≤ i, j ≤ 2, Kij = − 14e−x3 , and Ki3 =
K3i = 0.
Theorem 3.2. Let Σ2 ⊂ R3 be a complete translating graph in mean curvature
flow, if BΣr0e(p) ⊂ (Σ ∩ B1(p)) \ ∂(Σ ∩ B1(p)), and r0e1/2 < ρ1(πe−1, e), then for
some C and all 0 < σ ≤ r0,
sup
BΣr0−σ
|A|2 ≤ Cσ−2.(3.2)
Proof. For point p ∈ Σ, let B1 be the Euclidean unit ball of radius 1 and center
p in R3. Define Σˆ = Σ ∩ B1, note that Σˆ is immersed submanifold in B1 and
|Aˆ|(p) = |A|(p). Now let B˜1 be B1 with respect to the metric gij = ex3−p3δij .
From theorem 2.5, Σˆ is stable minimal hypersurface in B˜1. Note that we only
multiplied the metric gij in the theorem by a constant e
−p3 , which wont change the
results of theorem.
Let the distance d be the distance corresponding to Euclidean metric and d˜
the distance corresponding to the conformal metric. Note that BΣ˜r0 = {x ∈ Σ :
d˜(x, p) < r0}, where d˜(x, p) is the infimum of the length of geodesic curves con-
necting two points p and x in Σ˜. For x = (x1, x2, x3) ∈ Σ ∩ B1, define minimizing
geodesic γ : [0, 1]→ Σ∩B1 in Euclidean metric, connecting p and x in Σ, such that
γ(0) = p and γ(1) = x. We have
d˜(x, p) ≤
∫ 1
0
||γ′(t)||dt
=
∫ 1
0
√
〈γ′(t), γ′(t)〉dt
=
∫ 1
0
e
γ3(t)−p3
2 |γ′(t)|dt
≤ e1/2d(x, p).(3.3)
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This implies if x ∈ BΣr (p) ⊂ B1, then x ∈ BΣ˜re1/2(p). Now define minimizing
geodesic γ˜ : [0, 1]→ Σ˜ ∩ B˜1 connecting p and x in Σ˜ ∩ B˜1, such that γ(0) = p and
γ(1) = x. Using Cauchy Schwartz inequality we have
e−1/2d(x, p) ≤
∫ 1
0
e−1/2|γ˜′(t)|dt
≤
∫ 1
0
e(γ˜3(t)−p3)/2|γ˜′(t)|dt
=
∫ 1
0
√
〈γ˜′(t), γ˜′(t)〉dt
=
∫ 1
0
||γ′(t)||dt = d˜(x, p).(3.4)
This implies if x ∈ BΣ˜r (p) ⊂ B˜1, then x ∈ BΣre1/2(p). Note that if x ∈ BΣ˜r0e1/2(p),
then x ∈ BΣr0e(p) ⊂ (Σ∩B1(p)) \ ∂(Σ∩B1(p)) which implies that x ∈ Σˆ \ ∂Σˆ. Also
if x ∈ BΣr0−σ, then x ∈ BΣ˜e1/2(r0−σ).
Since sectional curvature of B˜1 is bounded (|KB˜1 | < e), theorem 3.1 imply that
for r0e
1/2 < ρ1(πe
−1, e) and BΣ˜
r0e1/2
(p) ⊂ Σˆ \ ∂Σˆ, for some C we obtain for all
x ∈ BΣr0−σ(p),
|A|2(x) ≤ ex3−p3 |A˜|2(x) + 1/2 ≤ Ce(e1/2σ)−2 = Cσ−2.(3.5)

Using the curvature estimate and following the argument in Choi-Schoen [3], we
obtain following compactness theorem for translating graphs.
Proposition 3.3. for fixed point p in R3, and r > 0, let Σj be embedded translating
surfaces in Ber = Ber(p) ⊂ R3 with ∂Σj ⊂ ∂Ber. If each Σj has area at most V and
genus at most g for some fixed V , g , then there is a finite collection of points xk,
a smooth embedded translating surface Σ ⊂ Br with ∂Σ ⊂ ∂Br and a subsequence
of the Σj’s that converges in Br (with finite multiplicity) to Σ away from the xk’s.
4. Classification of complete translating graphs
In this section, we prove translating graphs over a domain Ω ⊂ R2 are asymptotic
to a minimal surface next to the ∂Ω. Which implies non existence of translating
graphs over a bounded domain. Also, it concludes that complete translating graphs
in R3 can only be an entire graph over R2 or be in one side of a vertical plane or
between two vertical parallel planes.
Lemma 4.1. If Σ ⊂ R3 is a translating graph over a domain Ω ⊂ R2, then there
is a δ > 0 such that for every p ∈ Σ, Σ is a graph over the disk Dδ(p) ⊂ TpΣ of
radius δ centered at p.
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Proof. Let p and q be two different point in Σ. There is a geodesic γ : [0, 1] → Σ,
so that γ(0) = p and γ(1) = q. Now for υ normal vector to the Σ we have
|υ(p)− υ(q)| ≤
∫ 1
0
|∇γ′υ(γ(t))|dt
≤
∫ 1
0
|A(γ(t))||γ′(t)|dt.(4.1)
Hence the theorem 3.2 implies the lemma.

Theorem 4.2. There is no complete translating graph Σ ⊂ R3 with nonzero con-
stant speed C over a bounded connected domain Ω ⊂ R2 with smooth boundary.
Proof. The proof inspired by the one used in [10]. Suppose Σ is a complete immersed
translating graph over a domain Ω ⊂ R2. Lemma 4.1 implies there exists δ > 0
such that for each p ∈ Σ, Σ is a graph in exponential coordinates over the disk
Dδ(p) ⊂ TpΣ of radius δ, centered at the p. We denote this graph by G(p) ⊂ Σ, has
bounded geometry. Note that δ is independent of p and the bound on the geometry
of G(p) is uniform as well.
We define F (p); the surface G(p) translated to height zero R2 = R2 × {0}, i.e,
let αp be the isometry of R
3 which takes p to π(p), we denote F (p) = αp(Σ).
Now, let p ∈ Σ, since Σ is a graph over Ω, there is a function u : Ω→ R3 so that
Σ is the graph of u. If Σ is not an entire graph then ∂Ω 6= ∅. Since Σ is a translating
graph by mean curvature flow, u has bounded gradient on relatively compact subsets
of Ω. Let q ∈ ∂Ω be such that u does not extend to any neighborhood of q.
Let qn be a sequence in Ω converging to q, and let pn = (qn, u(qn)) ∈ Σ be
images of qn in Σ. Let Fn denote the image of G(pn) under the vertical translation
taking pn to qn. Observe that Tqn(Fn) converges to the vertical plane P , for any
subsequence of the qn. Otherwise the graph of bounded geometry G(pn), would
extend to a vertical graph beyond q, for qn close enough to q. Hence f would
extend; a contradiction.
For q ∈ Ω, we define Lδ(q) a line of length 2δ centered at q. Let Lδ(q) be the line
whose normal vector has the same direction as the normal vector of limit normal
vectors of Fn. Since each Fn is a graph over Dδ(pn) ⊂ Tpn(Fn), the surfaces Fn
are bounded horizontal graphs over Lδ(q) × [−δ, δ] for n large. The compactness
theorem for translating graphs implies that there is a subsequence of Fn’s which are
converging to a translating surface F . The surface F is tangent to Lδ(q) × [−δ, δ]
at q. Note that F = Lδ(q) × [−δ, δ]. Because if it is not the case there is a small
ǫ > 0 so that F (q− ǫ~n(q)) has two positive and negative values, where ~n is the unit
normal to the Lδ(q). Therefore for n large Fn is not a graph, which is contradiction.
The plane P = Lδ(q) × [−δ, δ], because both planes P and Lδ(q) × [−δ, δ] are
passing through the point q ∈ ∂Ω and their normal vectors are the same.
In this point, we prove u(qn)→ +∞ or u(qn)→ −∞. Let l be a line of length ǫ
inside Ω, starting at q, orthogonal to ∂Ω at q. Let f be the graph of u over l. At
points near q, l has no horizontal tangents, because tangent planes of u at these
points are converging to P . So we assume u is increasing along l as one converges to
q. If u is bounded above, then f would have a finite limit point (q, lq) and f would
have finite length up till (q, lq). Since Σ is complete, (q, lq) ∈ Σ, which contradicts
by Σ has a vertical tangent plane at (q, lq).
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Note that from Lemma 2.4, 1/w satisfies an elliptic partial differential equation.
Thus by the Harnack inequality, for any sequence qn ∈ Ω converging to q we have
w(qn)→ +∞. That means H(qn)→ 0.
Which is contradiction, since the domain is bounded, the mean curvature of the
graph next to the boundary should converge to the mean curvature of the cylinder
∂Ω× R, which is not zero. 
Corollary 4.3. If Σ is a complete translating graph over a domain Ω ⊂ R2, then
next to the boundary of Ω, Σ is asymptotic to a plane. So a translating graph over
R
2 can only be between 2 parallel planes or in one side of a plane or an entire graph.
Proof. From the proof of Theorem 4.2, next to the boundary of Ω, the graph Σ
converges to a minimal surface. Since Σ is complete, it can only converge to a
vertical plane. 
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